Abstract. We prove stability of rank two tautological bundles on the Hilbert square of a surface (under a mild positivity condition) and compute their Chern classes.
Some notation
Let ι ∆ : ∆ ֒→ S × S be the diagonal. Denote by σ : S × S → S × S the blowup of S × S in ∆. The natural action of the symmetric group S 2 on S × S extends to a holomorphic action on S × S and Hilb 2 (S) = S × S/S 2 . Let ι D : D ֒→ S × S be the exceptional divisor of σ.
In the following diagram we summarize the situation and, at the same time, give names to the various natural maps. | | z z z z z z z z z
S S
Given an ample hypersurface H ⊂ S, for N sufficiently large the divisor H N := N ( r * 1 H + r * 2 H)−D is ample on S × S. Moreover, this divisor is invariant under the action of S 2 on the divisor class group of S × S, hence it is of the form π * H N for an ample divisor H N on Hilb 2 (S).
Finally we recall the notion of µ-stability. Let Y be a smooth, projective variety, polarized by an ample divisor H. Let E be a torsion-free coherent O Y -module. Then the slope of E with respect to H is defined as
The sheaf E is called µ H -stable if for any subsheaf F ⊂ E with 0 < rk(F) < rk(E) we have µ H (F) < µ H (E).
Proof of the Theorem
If L [2] had a destabilizing subsheaf, then by passing to the reflexive hull we see that there would exist a destabilizing line bundle. Thus, any destabilizing subsheaf of L [2] on Hilb 2 (S) with respect to H N induces a destabilizing sub-line bundle of E := π * L [2] on S × S with respect to H N . We will show that E is µ e H N -stable. This will finish the proof of the theorem.
Consider the fundamental short exact sequence (see e.g. the proof of [D, Prop. 2.3 
where the surjection on the right is given by (s 1 , s 2 ) → s 1|D − s 2|D . This sequence shows that
. Moreover, we deduce that E contains the line bundles L 1 (−D) and
Let now A ⊂ E be an arbitrary sub-line bundle. Then A has one of the following three properties:
We will prove that there exist N 1 , N 2 , N 3 ∈ N such that for all A ⊂ E with property i = 1, 2 or 3 and for all N ≥ N i we have
Assume first that we are in case 1.), i.e. that A ⊂ L 1 (−D). Choose a natural number N 1 ≥ 4 (this will be useful in (10) 
An analogous reasoning applies in case 2.) with N 2 = N 1 .
In case 3.) we proceed in two steps. First we show that
where F = r * 1 H + r * 2 H and µ F is the slope with respect to the nef divisor F , defined as in (1). Then we use an asymptotic argument to complete the proof.
To prove (5), we will consider two divisors in |M F | for an appropriate M > 0 which intersect along a reducible surface. Then we reduce our computation to the irreducible components of these surfaces.
Choose M sufficiently positive such that the linear system |M H| contains two distinct, smooth curves C and C ′ meeting transversely. Denote by
let G 1 and G 2 be their strict transforms under σ : S × S → S × S. Note that G i ∈ |M F | because each component of G i meets the center of the blowup, namely the diagonal of S × S, along a curve. The intersection G 1 ∩ G 2 is the disjoint union of the four smooth surfaces
where for any subvariety Y S×S we write Y for the strict transform of Y under σ : S × S → S×S. Then for the F -slope of any coherent sheaf F we find
where
. . , 4 with strict inequality for i = 3, 4. This will conclude the proof of (5). i = 1: The surface T 1 is a disjoint union of surfaces of the form S p := {p} × S, p ∈ S running over the finite set C ∩ C ′ . Since the fundamental class of S p does not vary for different p ∈ S, we fix an arbitrary point p 0 ∈ S and we get for any coherent sheaf
Note that S p 0 is isomorphic to the blow-up of S in p 0 . Denote by σ p 0 : S p 0 → S the blow-down and by E p 0 ⊂ S p 0 the exceptional divisor. Then
Then we would get
Since we chose p 0 ∈ S randomly, assumption (6) implies that this composition is zero for all p ∈ S. On the other hand, all x ∈ S × S lie on some S p . This shows that the composition
. This is a contradiction to the assumption that A satisfies 3.). i = 2: analogous to i = 1. i = 3: Note that C × C is isomorphic to C × C and that
where p i : C × C → C are the projections. Moreover, it is easily checked that
|C is the tautological line bundle associated with L |C on Hilb 2 (C). It remains to apply [M] , Cor. 4.3.3 which says that π * C L
[2]
|C is a stable vector bundle on C × C. i = 4: analogous to i = 3.
Thus, we have proved (5). To conclude the proof of (3) we define for n ∈ N the linear function
Then noting that H n+N 1 = nF + H N 1 , we get for all F ∈ Coh( S × S)
Inequality (5) implies that there exists a positive constant k ∈ R >0 such that for all sub-line bundles A ⊂ E with property 3.) we have
This is because µ F takes integer values on line bundles. We will now show that ϕ n (A) < ϕ n (E). To see this, we first prove that A ∩ L 1 (−D) = 0. Indeed, otherwise the torsion-free sheaf A + L 1 (−D) would be of rank 1 as follows from the short exact sequence
Then the reflexive hull A ′ of A + L 1 (−D) would be a sub-line bundle of E which again would have property 3.) because A ⊂ A ′ . From (5) we deduce µ F (A ′ ) < µ F (E). On the other hand
Here, we used that the integral over a cohomology class of degree 6 on D which is pulled back from ∆ vanishes. Using that L 1 (−D) ⊂ A ′ and that F is nef, we get a chain of inequalities
This is a contradiction, whence A ∩ L 1 (−D) = 0. Then we have a short exact sequence
where Q is a torsion sheaf. It follows that c 1 (Q) is either zero or effective. Since ϕ n involves only products of the nef divisor F and the ample divisor H N 1 , this implies that ϕ n (Q) ≥ 0. We claim that there exists n 1 ∈ N such that for n ≥ n 1 we have ϕ n (L 1 (−D)) > 0. To see this, it is enough to show that the n 2 -term of ϕ n (L 1 (−D)) is positive. We have
If q denotes the intersection product on S, then we obtain (10)
Here, r i : S × S → S are the projections and ξ = [D] |D = c 1 (O P(N ∆|S×S ) (−1)). We use that Q) , that N 1 ≥ 4 and that c 1 (L) is an effective class on S. This proves the existence of n 1 with ϕ n (L 1 (−D)) > 0 for all n ≥ n 1 . Now by (9) we have
for all n ≥ n 1 . Putting together (7), (8) and (11) we find for n ≥ n 1 and for all line bundles A ⊂ E with property 3.)
Now since k > 0 and since ϕ n (E) is a polynomial of degree 2 in n, there exists n 2 ≥ n 1 such that
> 0 for all n ≥ n 2 . Therefore, with N 3 := N 1 + n 2 , inequality (3) is satisfied for i = 3. This completes the proof.
Summarizing the above discussion we have achieved an expression of the Chern classes of L [2] in terms of c 1 (Hilb 2 (S)) and c 2 (Hilb 2 (S)), of ϕ(c 1 (L)) and of δ: 
